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The System Theory Approach to Some

ABSTRACT

The System Theory considers every engineering
problem as a corresponding mathematical model
with input and output spaces and usually with a
controller. By the same token, it is presumed that
an appropriate model has been constructed. It
is known that methods applied in this theory are
effective for linear or naturally linearizable math-
ematical models. This paper is designed to con-
vince the reader that a mathematical background
in System Theory for input-output models is help-
ful for a wider class of technical problems.

Also it seems to be important for development
and approbation of System Theory methods to ap-
ply them to some new admissible objects. It turns
out, that the basic ideas of System Theory can
be applied to complicated physical optimizational
problems connected with heat and mass transfer
(with working process of diesel engines in partic-
ular). Actually certain procedures, which are typ-
ical for this mathematical theory, together with
some other ones allowed us to reduce the central
variational problem for “Diesel Engine - Fuel In-
jection Equipment” (DE/FIE) system to the finite
dimensional optimizational problem for the cor-
responding parametric mathematical model. The
main attributes of the System Theory approach
and their construction for a DE/FIE system are

described.
PREFACE

In writing this paper we tried to describe and
illustrate some general approach for using modern
mathematical methods (especially ones of the
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Functional Analysis and the Function Theory) to
investigate some non-trivial engineering optimiza-
tional problems. Our purpose is to help some en-
gineers overcome distrust of mathematics and its
techniques and also to help technology develop-
ment.

Very often creation of a comprehensive calcula-
tion method for a technical object is the main goal
of related mathematical - engineering researches,
because it allows to solve practical tasks of im-
provement of main quantitative characteristics of
the object through perfecting some parameters.
Reasonable realization of this goal permits to fulfil
the following tasks when developing and modern-
izing a machine:

1) to shift the emphasis from real machine test-
ing to computer-assisted calculations;

2) to solve some problems of optimum design of
the corresponding machine on the basis of these
calculations.

Let us assume that we have to deal with some
complicated physical problem connected with heat
and mass transfer for a technical object. We come
from the point that all-round investigation of cor-
responding physical processes have already given
a sufficient background for mathematical descrip-
tion of the considering object. That means we
know what should be given to obtain a calculated-
theoretical result applying elaborated model and
a computer. Roughly speaking, some calculation
method is already created. We assume also that
the main principles used for guidance are as fol-
lows:

1. In spite of the vastness of the problem in-



curred, the calculation method should comprise
(in the main features) the complete object as far as
possible. Only such an approach gives a firm foun-
dation for solving practical optimizational tasks.

2. Mathematical model of the technical ob-
ject should include both commonly known laws
of physics (such as laws of conservation of energy,
impulse, mass, etc.) and, perhaps many of the em-
pirical rules and observations accumulated over a
long time by specialists in the corresponding engi-
neering fields.

3. An effective mathematical apparatus for solv-
ing some complex and non-standard problem can-
not be standard as a rule. The usual approach
based on compiling mathematical standard proce-
dures, which is widely used by research engineers,
is not so effective. . To reduce the task to a vari-
ational or an optimizational problem and to en-
sure the realization of a particular character of the
model it is useful to create a complete mathemat-
ical apparatus specifically suited for the consider-
ing task.

4. The mathematical model on the basis of
which the method is realized must not constitute
a dogmatic construction. On the contrary, its con-
tinuous updating in accordance with the results of
new researches should be ensured.

5. The main goal of such kind of researches is
to be able to solve real practical tasks, that is a
continuous application of the method in practice.

Of course, real complicated heat/mass trans-
fer problems have several aspects of importance:
technical and design, ecological, physical, math-
ematical, that of computer techniques and pro-
gramming. However, now we are interested in the
development of the mathematical side only. Cre-
ating of a comprehensive mathematical appara-
tus for calculations is an important but not final
step connected with application of mathematics
to considered technical object. Some reorienta-
tion of this apparatus towards powerful methods
of abstract mathematics using the System The-
ory approach can be the next step. We hope that
this will increase the efficiency of mathematical-
engineering researches and make range of prob-
lems which could be investigated wider.

THE SYSTEM THEORY SUBJECT

In the recent times the System Theory has de-
veloped into a scientific and engineering discipline

which seems destined to have an impact upon all
aspects of modern society [1,2]. First studied as
Control Theory by mathematicians and engineers,
System Theory interest is now increasing in the
different branches of science. System Theory is a
body of concepts and techniques which are used
to analyze and design technical systems of var-
ious types (for example, [3]), regardless of their
special physical natures and functions. The lan-
guage of System Theory is mathematics and any
serious attempt of using System Theory must be
accompanied by the acquisition of mathematical
precision and understanding. To be precise Sys-
tem Theory language is a language of functional
and vector spaces and vector-valued functions.

We may consider any technical system as a
“black box” into which we feed inputs, and out
of which we receive outputs. In these talks the
inputs will be, in general, vector-valued functions,
usually of time, into the input space E and the
outputs are vector-valued functions into the out-
put space W.

Common physical properties of a “box” are:
causality (if two inputs are identical then the out-
puts are identical too), time invariance (an exper-
iment at noon gives the same answer as an ex-
periment at midnight), stability (every decaying
input function produces a decaying output func-
tion). Conceptually the “box” is what is given. It
acts on some space of functions which we chose to
put in the “box” and the responds by putting out
other functions. In order to specify how the inputs
determine the outputs we must add a description
of some internal state of the considered technical
system. Let X be the set of internal states of the
system, we will call X a state space. We stick
to single-input single-output feedback control sys-
tem (SISO in literature). The most elementary
feedback control system has three components: a
plant (the object to be controlled), a sensor (to
measure the output of plant), and a controller. In
such kind of system the output is processed and
information from it is fed back into the input to
control the performance. The role of the controller
is to correct and generate the plant’s input. Gen-
erally speaking, the objective in a control system
is to make some output behave in a desired way f)y
manipulating some input. The simplest objective
might be to keep output close to some equilibrium
point.




The introduction of norms [4] for input and out-
put spaces is necessary for measurement of data
and evaluating of current results. Which norm is
appropriate depends on the situation at hand. Let
us recall that a norm must have the following three
properties for all u and v from the corresponding
normed space:

1)|[u]| > 0, ||u]| = 0 if and only if u=0

2)||Aual| = [A] - |fu]|, for all real A

3)u+ Il < ffull + v

Mathematically the behavior of the system can
be described in the terms of some operators with
related domains in the appropriate spaces [4]. The
mapping that maps input of the certain system
into the output is called transfer operator (or
transfer function) of this system. One of the most
important direct problems of System Theory is so
called OPT (optimizational) problem of obtaining
a desired output.

CENTRAL DIESEL ENGINE - FUEL
INJECTION EQUIPMENT
VARIATIONAL PROBLEM

In [5], there is some description of years-long
researches which main goal is creating of a com-
prehensive calculation method for the “Diesel En-
gine - Fuel Injection Equipment” (DE/FIE) sys-
tem. Full realization of this goal allows to solve
practical tasks of improvement of the main quan-
titative characteristics of diesel engines through
perfecting their fuel injection equipment. Briefly
it was discussed in the talk of A.Grinshpan and
S.Romanov at the International Off-Highway and
Powerplant Congress (Milwaukee, WI, September
9-12,1991). We repeat now the main ideas since it
is necessary for proper understanding of construc-
tion of main System Theory attributes for DE/FIE
system.

It was chosen for an object a diesel engine with
direct injection (DI) and with mainly volume or
volume/boundary mixture formation process, as
this type of engines is widespread at present and
has the bright prospects for the future.

As a result of the analysis of the present-day
practices, the following technical task have been
formulated, the solution of which should be en-
sured by the method proposed: It is obtaining the
best fuel economy possible for a specific engine
with known design, setting and duty parameters
within the pre-determined limits of standards for

emissions, knocking level and service life of the
engine and its fuel injection equipment.

Fuel economy is determined by the value cy-
cle work minus losses in the fuel injection drive;
knocking level - by the pressure-rise rote; engine
service life - by the allowed value of combustion
pressure and service life of fuel injection equip-
ment - by the allowed value of contact stresses in
cam drive.

Fuel injection equipment affects diesel engine
working process through its output characteristics:
injection pressure characteristic, effective cross-
section of nozzle holes, number of nozzle holes and
their positions relative to each other and combus-
tion chamber, actual advance angle. Therefore,
determination of output parameters of the fuel de-
livery process which ensure the best fuel economy
within the limitations imposed is the first neces-
sary step towards solving the problem. The sec-
ond natural step is determination of FIE design
parameters that ensure gaining the necessary out-
put parameters of fuel delivery process.

Physical aspect of the work concerns analysis of
the processes through which the working process
of the DE/FIE system is realized, finding out the
critical ones and creating their respective physical
models that make it possible to solve the problem
set.

In this problem it follows that the proposed
method should encompass the groups of physical
processes as described below:

- physical processes in the engine cylinder (com-
pression, fuel spray development, heat and mass
transfer between atomized fuel and its environ-
ment, mixture formation, ignition, combustion,
expansion);

- physical processes within the fuel injection
equipment itself (pressure impulse generation and
propagation along high pressure line, its transfor-
mation into velocity ram of the fuel spray).

As previously stated the method is meant to
deal with DI diesel engines with mainly volume
or volume/boundary mixture formation process.
Therefore the natural basis for calculations should
be a worked-out physical model of the spray. It has
been developed [6,5] a phenomenological model of
such a spray based on the experimental data on its
structure and mixture formation mechanism. An
essential point of the model is that it takes into ac-
count the role of high concentration of liquid par-



ticles in the spray which it plays in the processes
of impulse exchange and heat and mass transfer.
Calculations of the heat and mass transfer pro-
cesses are based on Ranz-Marschall expressions
and take into account real properties of liquids in
a wide range of pressures and temperatures. It has
been also developed [5] a specific phenomenologi-
cal model of diesel fuel oil that allows to take into
account the influence of a complex multi-fraction
composition of the fuel on the heat and mass ex-
change processes.

From the mathematical point of view it was es-
sential to create a mathematical apparatus and
(on its basis) to solve an original variational
problem with free ends and additional functional
limitations. Reduced indicated efficiency of the
DE/FIE system or its useful work are used as
a rule, as the estimated main functional. Injec-
tion pressure characteristic is the variable func-
tion with a pre-determined integral (cycle fuel de-
livery). Apart from that, there is a variable vec-
tor. Its components as follows: crank angles of the
injection beginning and ending, number of nozzle
holes, effective area of nozzle holes and other ones.
Functional limitations are caused by limitations on
the part of ecology, knocking, engine service life
and design parameters of the FIE.

THE CONSTRUCTION OF
MAIN SYSTEM THEORY
ATTRIBUTES FOR
DE/FIE SYSTEM

We interpret the present problem on language
of functional and vector spaces and vector-valued
functions. Let R™ be m-dimensional Euclidean
space of real vectors x = (1,...,Zm) With corre-
sponding norm

xllrm = (27 + - + )"

We define operation of convolution for a fixed non-
zero vector a € R™ as follows

a*xu=(auy, ... GmUmn)
for all vectors u = (uy, ..., un,) € R™. We obtain

la*ullrm = (o} + - + y0)"/?,
where yx = arur(k =1,...,m).

As usually we denote by Cjq,g) the class of all con-

tinuous functions f(¢) on the interval [, 8]. Let ,

| fllc.,, be some norm in Cjgzx). There are sev-
eral appropriate choices of norms in this class. For
example, we can indicate two of them:

1'”f||C(o,2,r] = sup[0,21r] |f(¢)w(¢)lv where w(¢) is

some weight function in the interval [0, 27].

21 fllcay = (J27 1F(@)Pdu(8)) ", where u(9)

is a positive bounded measure.

In our case the input space E is the space of
R™*1-valued functions f = (f,u), E coincides
with the Cartesian product Cjg2,®R™. For feE
we define

Iflle = (1fli&g,, + la*ullkn)

It is not difficult to check three basic properties of
norm.

However not all elements of E are admissible
for us. We deal only with finitary functions from
the class Cipan. It is well known that a function
f(#) € Cio,2n is finitary if there exist such €;,¢e; >
0, & + €2 < 2w, that f(¢) = O for all values of
¢ from the set [0,€] U [27 — €,27]. Moreover,
finitary functions we consider are so called one-
model. That means that any such a function has
only one local extremum. In fact this extremum
is a global maximum of this function.

Vectors u = (uy,...,U,) are used as so called
vectors with variable parameters for problem con-
sidered in previous section. In particular, u; =
¢inj». (crank angle of the injection beginning),
Uy = Pinje. (crank angle of the injection ending),
us = in4 (number of nozzle holes), uqy = Blsi
(effective area of nozzle holes), etc. Clearly every
entry of u varies in certain interval. Therefore we
can consider vectors u only in some parallelipiped
IT € R™ which sides are connected with restric-
tions on related components.

Let P(g.) be the class of theoretical injection
pressures with fixed cycle fuel delivery g. and two-
sided restrictions for second derivative (m and M
are lower and upper bounds respectively).

The class P(g.) contains of twice differentiable,
finitary, one-model functions p(¢) € Cjo2- with

27

b wfan [ P(6)d0 = g
(k; is a coefficient of proportionality),
m < p'(¢) < M,
and p(¢) = 0 if ¢ € [0, Binjs] U [Pinjie., 27].



Now we are able to define the admissible set D
from E with the norm || - ||g

D={f:f=(pu) €Euellpe P(g)}

It appears to be difficult to solve the considering
variational problem on the whole admissible set
D. Therefore we construct some n + m-parametric
set D, of vector-functions from D. For this
purpose we replace class P(g.) in the definition
of D by n-parametric family P,(g.) of functions
p € P(g.). There are several possible ways to
obtain such kind of a reasonable parameterization
(see [7]). Resulted n + m-parametric set Dy, is
isomorphic to some set B, ,,, in the R"*™. In our
case the state space X contains D,4,,. Thus the
central variational problem for DE/FIE system is
reduced to the n + m-dimensional optimizational
problem for the restriction of our mathematical
model onto the set D, 4.

The above mentioned procedures and conse-
quent ones, which are necessary for solving the
task, are connected with introduction of some op-
erators on the admissible set and on the para-
metric set D,;n. These operators are the most
important part of structure of our model system.
Usually, in the System Theory the action of the
model is interpretered as main operator. In our
case main operator is defined on the set Dpym (or
on the whole set D). Transfer operator in this set-
ting is appropriate composition of main and aux-
iliary operators. Furthermore the following types
of other operators appear:

1. “close to identity”

(Dn4m = Dnym or Bogm — Boim); :

2. operators of one-component linearization
(D = Dntm);

3. norm preserving operators of vectorization
(D— Basm);

4. correction operators (Dynim — Datm);

5.“jump” -operators
(Dpsm = Dpym of Broym — Brym), etc.

Full description of all required operators, main
functional (see below) and other components of
our model system would make this paper large and
too complicated mathematically.

The output space W contains R‘***?-valued
functions of the form

g =(4,q,e).

Here e = (d, ) is R"*!-valued FIE design para-
metric function, where d € R’ is FIE design para-
metric vector, h = h(¢) is a cam profile, which is
from the class H of twice differentiable functions
on the interval [0, 7] with some restrictions on the
function and derivatives values.

A is the main functional, which is useful work of
the DE/FIE system (or we could take its reduced
indicated efficiency)

27
A=k [ N(6,p(6),p'(9), u)de,
where k; is a coefficient of proportionality,

W {Pin b Dinses tn b sbfany o) € B,
p(¢) € P(g.) (or Pr(gc)),

N is instantaneous power

W Pc‘/c,, if ¢ = [0’ ¢s‘b.] ) [d)m.p.e.a 27!']
Pc‘/c, = Po.p.Vo,_p,, lf ¢ = [¢s.b.7 ¢m.p.e.]

P. is cylinder pressure, V, is cylinder swept vol-
ume, P,, is over-plunger pressure, V,, is over
plunger volume, @, is plunger stroke beginning,
$m pe. 1s crank angle of the maximum plunger el-
evation.

q € R” is vector which entries are values of func-
tionals that characterize the fulfillment of limita-
tions of ecology, knocking, engine service life and
design parameters of the FIE. It is always possible
to put limitations such that all these entries are
nonnegative, i.e. q € RY.

We introduce norm in W by

Igllw = (IIb * (A,q,d)|[resss + c - [|R]F)"?

for all g € W. As it was done for the space E it
is not difficult to check three basic properties of
norm. Here b € R**"*! ¢ >0, || - ||g is chosen to
be stronger [4] than norm in Cp .. Let us note
that v + [ + 2-dimensional vector (b,c) and m-
dimensional vector a in the definition || - ||w and
|| - ||lg are distribution vectors of data and result
deviations. For example, if b = (1,0,...,0),c =0
then || - lw = A. We should note that weight
function and measure in the definition of || - ||g
play the similar role.

In our case controller selects current input us-
ing “close to identity” and “jump” operators and
determines search trajectory in D,;,, or B,{n,.
Construction of search trajectory is necessary for
solving OPT problem directed to maximization of
main functional A under the condition q € RY.




OUTLINE OF THE SOLUTION OF THE CENTRAL DE/FIE VARIATIONAL PROBLEM

duty parameters pre-set fuel
of diesel engine design parameters characteristics
of the DE/FIE system

1

4 theoretical injection pressures
with fixed cycle fuel delivery,
vectors with variable

parameters
limitations: T limitations of FIE
CCOIf’gyl’.?nOCking’ design parameters
service life
vectorization,
finite dimensional iad
: optimizational problem 3 §
phenomenological P P inverse hydrodynamic
' model of the fuel spray calculation
cylinder I?re'ssure, ?ther - over-plunger pressure,
characteristics of diesel volume delivery rate
engine operational process
l
useful work of the
>t DE/FIE system
FIE design parameters
to be found |

controller

search trajectory

determination




Restatement of the DE/FIE problem using Sys-
tem Theory language allows the following:

1. The problem is more accessible for applica-
tion of well known tools of abstract mathematics.

2. System Theory receives new stimulating ob-
ject.

3. The sample for setting of such kind of prob-
lems (usually even simpler) is given as an object
of System Theory.

NOMENCLATURE

A - useful work of the system

a - distribution vector of data deviation

B,.+m - isomorphic to Dy4m set from R™t™

(b,c) - distribution vector of result deviation

Ca,g) - class of all continuous functions on the
interval [a, ]

D - admissible set from E

D, ;m - n+m-parametric representative set from
D

DE - diesel engine

DI - direct injection

d - FIE design parametric vector

E - input space

e - FIE design parametric function

FIE - fuel injection equipment

g. - cycle fuel delivery

H - class contains of all admissible cam profiles

h(¢) - cam profile

i, ». - number of nozzle holes

ky,k, - coefficients of proportionality

N - instantaneous power

P(g.) - class of theoretical injection pressures
with fixed cycle fuel delivery g.

P,,. - over-plunger pressure

P, - cylinder pressure

p(¢) - theoretical injection pressure

q - vector with limitative characteristics

R™ - m-dimensional Euclidean space

RY, - subspace of vectors from R” with nonneg-
ative components

u - vector with variable parameters

Vo.p. - Over plunger volume

V. - cylinder swept

W - output space

X - state space

II - parallelipiped from R™ contains of all ad-
missible vectors with variable parameters

(@) - positive bounded measure

Wfnn. - effective area of nozzle holes

Pinjs. - crank angle of the injection beginning

@inje. - crank angle of the injection ending

¢m pe. - crank angle of the maximal plunger el-
evation

bss. - plunger stroke beginning

w(¢) - weight function
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